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Summary. — In the framework of the spacetime with torsion, we obtain the flavor 
evolution equation of the mass neutrino oscillation in vacuum. A comparison with 
the result of general relativity case, it shows that the flavor evolutionary equations 
in Riemann spacetime and Weitzenbock spacetimes are equivalent in the spherical 
symmetric Schwarzschild spacetime, but turns out to be different in the case of the 
axial symmetry. 
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1. Introduction 

On account of the Super-Kamiokande atmospheric neutrino experiment, which con- 
firmed a nonvanishing mass for the neutrino [1], the neutrino oscillation problem became 
an even hotter topic in high energy physics, both from the experimental and from the 
theoretical points of view [2, 3, 4]. As a natural extension to this problem, many authors 
consider the neutrino oscillation in the presence of gravitation, that is, in a curved space- 
time. This means to extend the physics related to the neutrino oscillation in a Minkowski 
spacetime with Lorentz invariance, to a Riemannian spacetime with the usual invariance 
under general coordinate transformation. The gravitational effect on the neutrino oscilla- 
tion has attracted much attention recently [5, 6, 7, 8, 9, 10, 11, 12, 13] in the framework of 
general relativity, although a lot of problems concerning the understanding of the gravita- 
tionally induced neutrino oscillation still persists. However many alternative mechanisms 
have been proposed to account for the gravitational effect on the neutrino oscillation; 
e.g. the equivalence principle and neutrino oscillation [14, 15]. As a further theoretical 
exploration, more recently torsion induced neutrino oscillation in t/4 spacetime [18] with 
both curvature and torsion is also proposed [16, 17]. In this article, we extend the neu- 
trino oscillation problem into the spacetime with torsion but without curvature, i.e. in 
a Weitzenbock spacetime A4 [19, 20, 21, 22], in the framework of new general relativity 
(NGR)[19]. 
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The paper is organized as follows. In Sec. II we briefly introduce the gravitational 
theory in Weitzenbock spacetime. In Sec. Ill we compare Dirac equations in Riemaniann 
spacetime and in Weitzenbock spacetime, and in Sec. IV. we derive the evolutionary 
equation of the neutrino oscillation amplitude in Weitzenbock spacetime. We set G = 
Ti = c = 1 throughout this article. 

2. A brief review of the NGR 

The new general relativity is a parallel tetrad gravitational theory, which is formulated 
on a Weitzenbock spacetime [19, 22, 23]. It is characterized by the vanishing curvature 
tensor and by the torsion tensor formed of four parallel tetrad vector fields. Namely, 
the gravitational field appears as the nontrivial part of the tetrad field. We will use the 
greek alphabet (p,, u, p, ■■■ = 1,2,3,4) to denote tensor indices, that is, indices related 
to spacetime. The latin alphabet (a, b, c, • • • = 1,2,3,4) will be used to denote local 
Lorentz (or tangent space) indices. Of course, being of the same kind, tensor and local 
Lorentz indices can be changed into each other with the use of the tetrad, denoted by 
h a n, and supposed to satisfy 

(1) h%h a " = S^ ; h\h b » = 5 a b . 

As is known, curvature and torsion are properties of a connection [20, 22], and many 
different connections may be defined on the same space. For example, denoting by rj a b 
the metric tensor of the tangent space, a nontrivial tetrad field can be used to define the 
riemannian metric 

(2) = Vab h% h\ , 
in terms of which the Levi-Civita connection 

o 1 

(3) r V = 2 9<7P ^ g p» + du9 P» ~ d p9^A 

can be introduced. Its curvature 

(4) °r%^ = 5 M rV + r% rv 

according to general relativity, accounts exactly for the gravitational interaction. Owing 

o 

to the universality of gravitation, which means that all particles feel T a p V the same, it 
turns out possible to describe the gravitational interaction by considering a Riemann 
spacetime with the curvature of the Levi-Civita connection, in which all particles will 
follow geodesies. This is the stage set of Einstein's General Relativity, the gravitational 
interaction being mimicked by a geometrization of spacetime. 

On the other hand, a nontrivial tetrad field can also be used to define the linear 
Cartan connection 

(5) rv = K a d v h\ , 

with respect to which the tetrad is parallel: 



(6) 



V, h\ = d„h% - T% v h% = 0. 
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For this reason, tetrad theories have received the name of teleparallclism, or absolute 
parallelism. Plugging in Eqs.(2) and (3), we get 

(7) r CT — r a 4- K a 
where 

(8) K a ^ = - [T^ ' v + T v ° p - T a M „] 
is the contorsion tensor, with 

(q\ rjia _ -pa _ -pa 

If now we try to introduce a spacctimc with the same properties of the Cartan con- 
nection r CT „ M , we end up with a Weitzenbock spacetime [21], a space presenting torsion, 
but no curvature. This spacetime is the stage set of the teleparallel description of gravi- 
tation. Considering that local Lorentz indices are raised and lowered with the Minkowski 
metric rj ab , tensor indices on it will be raised and lowered with the riemannian metric 
9nv — Vab h a M h h v [19]. Universality of gravitation, in this case, means that all particles 
feel T a „ M the same, which in turn means that they will also feel torsion the same. 

From the above considerations, we can infer that the presence of a nontrivial tetrad 
field induces both, a riemannian and a teleparallel structures in spacetime. The first is 
related to the Levi-Civita connection, a connection presenting curvature, but no torsion. 
The second is related to the Cartan connection, a connection presenting torsion, but no 
curvature. It is important to remark that both connections are defined on the very same 
spacetime, a spacetime endowed with both a riemannian and a teleparallel structures. 

As already remarked, the curvature of the Cartan connection vanishes identically: 

(10) = c^rV + rV r%„ - ( M <- v) = o . 

Substituting T e ^ v from Eq.(7), we get 

(11) R p^lV R p^lV Q p\XV — , 

The gravitational Lagrangian density in NCR is written in the form 



(12) C G = ?-JL [ ai (t^\„ x ) + oaKtv.) + a 3 K<v)] , 
where ai , a 2 and as are dimensionless parameters of the theory, 

(13) Va = ^ {Tp U \ + T 1 ^) + i {g\p.v u + g\ v v^) - ^g^v\, 



(14) 



4 



C. M. ZHANG 



(15) 



with e^upa being the completely antisymmetric tensor normalized as 60123 = \f~9- By 
applying variational principle to the above Lagrangian, we get the field equation: 



(16) 



J"" = kT"", k - 8tt, 



with 

(17) 
where 

(18) 

(19) 
(20) 

(21) 
(22) 



L G 

r£\XV 



I» v = 2n[D x F^ x + v x F" vX + H» v - -g^Lc], 



2 oh k „ t \ 
1 r 

K 



01 (t^ x - t pXv ) + a 2 (g^v x - ff "V) - ^-e^ xp a p 



jjftv _ tpvpf^ T upa F p pa = H v ^ 



1 SC M 

f=g 5h k u 



h kp . 



Here Cm denotes the Lagrangian density of material fields and T^ v is the material energy- 
momentum tensor which is nonsymmetric in general. In order to reproduce the correct 
Newtonian limit, we require the parameters a\ and C12 to satisfy the condition 



(23) 



ai + 4a 2 + 9aia 2 = 0, 



called the Newtonian approximation condition, which can be solved to give 
(24) 



1 1 

a i = ~— T> a 2 = 



3(1 -eY 



3(1 -4e) 



with e being a dimensionless parameter. The comparison with solar-system experiments 
shows that e should be given by 



(25) 



e = -0.004 ±0.004, 
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3. Dirac equation in Weitzenbock spacetime 

Previous to entering to our main point, we stress that the semiclassical by approxi- 
mated Dirac particle does not follow a geodesic exactly. However the force aroused by the 
spin and the curvature coupling has little contribution to the geodesic deviation[26]. So 
here wc take the neutrino as a spinless particle to go along the geodesic. The gravitational 
effects on the spin are incorporated into Dirac equation through the "spin connection" 
r M appearing in the Dirac equation in curved spacetime [24, 25, 26], which is constructed 
by means of the variation of the covariant Lagrangian of the spinor field. In the parallel 
tetrad theory of Hayashi and Shirafuji [19], considering the covariant derivative of spinor 
to coincide with the usual derivative, the Dirac Langrange density Lp is given by 

(26) L D = \h^%i, - fy^fy] " mW>- 

By taking variation with respect to tf>, the Dirac equation in Weitzenbock spacetime is 
given as 



(27) [ 7 a ^(^ + r M )+m]^ = 0, 
and the spin connection T ^ is 

(28) r M = ^ 

where is the tetrad vector. 

The spin connection is different from that of general relativity because the par- 
allelism of vector in Weitzenbock spacetime makes the covariant derivative of spinor to 
coincide the usual dirivative. However, the Lagrangian of Dirac equation in general rel- 
ativity is constructed by the covariant derivative and its explicit expression for the spin 
connection is [9] 



(29) r M = l[ 7 6 ,7 c ]A 6 "ft c ^. 

We must first simplify the Dirac matrix product in the spin connection term. It can be 
shown that 

(30) 7 a [7 b , 71 = 2?y a V - 2rf c 7 fc - 2^ dafcc 757d, 

where rj ab is the metric of flat space and e abcd is the (flat space) totally antisymmetric 
tensor, with e 0123 = +1. With Eq.(30), the contribution from the spin connection in 
general relativity is 

(31) T M = \^ - j£V75, 
where 

(32) a p = -^ty, v \ a T vXa 
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a M is the tetrad axial-vector represented the deviation of the axial symmetry from the 
spherical symmetry [27]. 

Or, in the spherical case, Schwarzschild spacetime, both Dirac equations in Riema- 
niann spacetime and in Weitzenbock spacetime are equivalent. The difference between 
them will appear if the spacetime includes the axial symmetric components, Kerr space- 
time for instance. 

4. Evolutionary equation for the neutrino oscillation amplitude 

As proceeded in ref . [9] , in order to incorporate the gravitational effect into the matter 
effect, we rewrite the spin connection term as 

(33) 7 Q ^r M = 7 a hZ(iA G „v L ) = rK Ua g ^ 



where Vl = — 




75 is the left-handed projection operator, and 




(34) A% = 2i{-gy' 2 l5 v, 

In the above equations, (— g) 1 ^ 2 = [det(g AJ , y )] 1//2 . Proceeding as in the discussion by 
Cardal and Fuller [9] , we will borrow the three-momentum operator used in the neutrino 
oscillation, which can be calculated from the mass shell condition obtained by iterating 
the Dirac equation 



(35) (P„ + A g ^Vl)(P" + A G V L ) = -M 



where we have not included background matter effects. Mj is the vacuum mass matrix 
in flavour basis 



(36) Mj = u( ■;. )rt. 

where 



(37) U = 



cos# sin# 
—sm9 cos# 



with 9 the mixing angle between different eigenstates of mass neutrinos. For relativistic 
neutrinos, ignoring terms of 0(A 2 ) and O(AM), and remembering that we employ a null 
tangent vector n^, which is defined as n M = dx^/dX, and 
a^(A) = [a; (A),a; 1 (A),a; 2 (A),a; 3 (A)], we find 



(38) P/ = -(M;/2 + 4 G /). 

It is convenient to define a column vector of flavor amplitudes. For example, for the 
mixing between v e and v T , 



(39) x(A) 



<"e|*(A)> 
K|*(A)> 
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Eq.(39) can be written as a differential equation for the null world line parameter A, 



where the subscrip f denotes " flavor basis". Eq.(40) can be integrated to yield the 
neutrino flavor evolution. Similar equations were obtained in Refs.[9, 17] in Ricmaniann 
spacetime and in U4 spacetime respectively. 

5. Conclusion and discussion 

In this paper, we studied the evolution equation for the neutrino oscillation ampli- 
tude in the framework of the new general relativity [19]. We find that our results will 
be equivalent to that of general relativity in the case of spherical symmetry, and the 
difference will occur when the axial tetrad vector is not zero. 
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PACS 04.50, 04.90 - . 



1. — Introduction 

On account of the Super-Kamiokande atmospheric neutrino experiment, which con- 
firmed a nonvanishing mass for the neutrino [1], the neutrino oscillation problem became 
an even hotter topic in high energy physics, both from the experimental and from the 
theoretical points of view [2, 3, 4]. As a natural extension to this problem, many authors 
consider the neutrino oscillation in the presence of gravitation, that is, in a curved space- 
time. This means to extend the physics related to the neutrino oscillation in a Minkowski 
spacetime with Lorentz invariance, to a Riemannian spacetime with the usual invariance 
under general coordinate transformation. The gravitational effect on the neutrino oscilla- 
tion has attracted much attention recently [5, 6, 7, 8, 9, 10, 11, 12, 13] in the framework of 
general relativity, although a lot of problems concerning the understanding of the gravita- 
tionally induced neutrino oscillation still persists. However many alternative mechanisms 
have been proposed to account for the gravitational effect on the neutrino oscillation; 
e.g. the equivalence principle and neutrino oscillation [14, 15]. As a further theoretical 
exploration, more recently torsion induced neutrino oscillation in U4 spacetime [18] with 
both curvature and torsion is also proposed [16, 17]. In this article, we extend the neu- 
trino oscillation problem into the spacetime with torsion but without curvature, i.e. in 
a Weitzenbock spacetime A 4 [19, 20, 21, 22], in the framework of new general relativity 
(NGR)[19]. 
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The paper is organized as follows. In Sec. II we briefly introduce the gravitational 
theory in Weitzenbock spacetime. In Sec. Ill we compare Dirac equations in Riemaniann 
spacetime and in Weitzenbock spacetime, and in Sec. IV. we derive the evolutionary 
equation of the neutrino oscillation amplitude in Weitzenbock spacetime. We set G = 
h = c = 1 throughout this article. 

2. - A brief review of the NGR 

The new general relativity is a parallel tetrad gravitational theory, which is formulated 
on a Weitzenbock spacetime [19, 22, 23]. It is characterized by the vanishing curvature 
tensor and by the torsion tensor formed of four parallel tetrad vector fields. Namely, 
the gravitational field appears as the nontrivial part of the tetrad field. We will use the 
greek alphabet (/x, v, p, ■ ■ ■ = 1,2,3,4) to denote tensor indices, that is, indices related 
to spacetime. The latin alphabet (a, b, c, ■ ■ ■ = 1,2,3,4) will be used to denote local 
Lorentz (or tangent space) indices. Of course, being of the same kind, tensor and local 
Lorentz indices can be changed into each other with the use of the tetrad, denoted by 
h a ^, and supposed to satisfy 

(1) h%h a v =S^ ; h a ll h b " = S a b . 

As is known, curvature and torsion are properties of a connection[20, 22], and many 
different connections may be defined on the same space. For example, denoting by rj a b 
the metric tensor of the tangent space, a nontrivial tetrad field can be used to define the 
riemannian metric 

(2) = r] ab h a „ h b v , 
in terms of which the Levi-Civita connection 

o 1 

(3) T V = -g ap [d^g pv + d v g m - d p g„ v ] 
can be introduced. Its curvature 

(4) R e P ^ = <9 M rV + r% f"V - (a» ° ") > 

according to general relativity, accounts exactly for the gravitational interaction. Owing 

o 

to the universality of gravitation, which means that all particles feel r° \, v the same, it 
turns out possible to describe the gravitational interaction by considering a Riemann 
spacetime with the curvature of the Levi-Civita connection, in which all particles will 
follow geodesies. This is the stage set of Einstein's General Relativity, the gravitational 
interaction being mimicked by a geometrization of spacetime. 

On the other hand, a nontrivial tetrad field can also be used to define the linear 
Cartan connection 

(5) r%„ = K°d„h% , 

with respect to which the tetrad is parallel: 



(6) 



v, h\ = d v h% - rv h% = o 
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For this reason, tetrad theories have received the name of teleparallelism, or absolute 
parallelism. Plugging in Eqs.(2) and (3), we get 

\ 1 ) 1 pv — 1 [lis I lv jllJ ; 

where 

(8) K a ^ = - [T^° "„ + T v ° ^ - T" 

is the contorsion tensor, with 

(91 T a — r a — r a 

W / ± pv — L Up L pv 

If now we try to introduce a spacetime with the same properties of the Cartan con- 
nection r% M , we end up with a Weitzenbock spacetime [21], a space presenting torsion, 
but no curvature. This spacetime is the stage set of the teleparallel description of gravi- 
tation. Considering that local Lorentz indices are raised and lowered with the Minkowski 
metric rf h , tensor indices on it will be raised and lowered with the riemannian metric 
9v,v = Vab h a ^ h b „ [19]. Universality of gravitation, in this case, means that all particles 
feel T a vfl the same, which in turn means that they will also feel torsion the same. 

From the above considerations, we can infer that the presence of a nontrivial tetrad 
field induces both, a riemannian and a teleparallel structures in spacetime. The first is 
related to the Levi-Civita connection, a connection presenting curvature, but no torsion. 
The second is related to the Cartan connection, a connection presenting torsion, but no 
curvature. It is important to remark that both connections are defined on the very same 
spacetime, a spacetime endowed with both a riemannian and a teleparallel structures. 

As already remarked, the curvature of the Cartan connection vanishes identically: 

(10) R B PI1V = d M r%„ + r% r%„ -(n<*u) = o. 

Substituting T e M „ from Eq.(7), we get 

(11) R ppv — R ppv ~t~ Q ppv = ; 

The gravitational Lagrangian density in NGR is written in the form 



(12) L G = [ai + «2 («%) + a 3 (a"a^)] , 

where a\ , a-i and 03 are dimensionless parameters of the theory, 



(13) tp V \ = \ ( T pv\ + T VI1 \) + ^ (gxpV v + gxvVp) - ^g^v x , 



(14) 
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(15) O/u — ^ixvpaT Pa 

with tfivpa being the completely antisymmetric tensor normalized as 60123 = y/~ 9- By 
applying variational principle to the above Lagrangian, we get the field equation: 

(16) = kT» v , k = 8tt, 
with 

(17) i 7 *" = 2n[D x F pvX + v x F^ x + H pv - ^ V L G ], 
where 

v\ _ 1 uku dL G 



(18) F» vX = -h k " 



2 dh k v ,x 

= - L (i"" A - t" Xv ) + a 2 (g^v x - fl "V) - ^-e^ xp a p ] 

(19) = -F" Av , 

(20) = T palx F pa u - ^T vf " T F^ pa = H"", 



(21) L G 



-G 



1 8Lm 



(22) T**" = -=-^-h kp . 

sj-gdh k v 

Here £m denotes the Lagrangian density of material fields and T^ v is the material energy- 
momentum tensor which is nonsymmetric in general. In order to reproduce the correct 
Newtonian limit, we require the parameters a\ and ci2 to satisfy the condition 

(23) ai +4a 2 + 9a 1 a 2 = 0, 

called the Newtonian approximation condition, which can be solved to give 

( 24 ) «i = -T77T- — 7. «2 



3(1 -e)' z 3(1 -4c) 

with e being a dimensionless parameter. The comparison with solar-system experiments 
shows that e should be given by 

(25) e= -0.004 ±0.004, 
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3. Dirac equation in Weitzenbock spacetime 

Previous to entering to our main point, we stress that the semiclassical by approxi- 
mated Dirac particle does not follow a geodesic exactly. However the force aroused by the 
spin and the curvature coupling has little contribution to the geodesic deviation [26]. So 
here we take the neutrino as a spinless particle to go along the geodesic. The gravitational 
effects on the spin are incorporated into Dirac equation through the "spin connection" 

appearing in the Dirac equation in curved spacetime [24, 25, 26], which is constructed 
by means of the variation of the covariant Lagrangian of the spinor field. In the parallel 
tetrad theory of Hayashi and Shirafuji [19], considering the covariant derivative of spinor 
to coincide with the usual derivative, the Dirac Langrange density Ljj is given by 

(26) L D = \hl\^ k d^ - 3^ 7 V] - mrH>. 

By taking variation with respect to -0, the Dirac equation in Weitzenbock spacetime is 
given as 



(27) [ 7 a ^(5 M +r M )+m]0 = O, 
and the spin connection is 

(28) r M = 

where is the tetrad vector. 

The spin connection is different from that of general relativity because the par- 
allelism of vector in Weitzenbock spacetime makes the covariant derivative of spinor to 
coincide the usual dirivative. However, the Lagrangian of Dirac equation in general rel- 
ativity is constructed by the covariant derivative and its explicit expression for the spin 
connection T M is [9] 



(29) r„ = ±[ 7 b , 7 c }h b »h c ^. 

We must first simplify the Dirac matrix product in the spin connection term. It can be 
shown that 

(30) 7 a [7 6 , 7 C ] = 277 a V " 2rT7 6 " 2*e da6c 7 5 7 d, 

where rf h is the metric of fiat space and e abcd is the (fiat space) totally antisymmetric 
tensor, with e 0123 = +1. With Eq.(30), the contribution from the spin connection in 
general relativity is 

1 3i 

(31) r„ = -v„ - —a^ 5 , 
where 

(32) = -e l _ lv \ a T" x ' J 
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is the tetrad axial-vector represented the deviation of the axial symmetry from the 
spherical symmetry [27]. 

Or, in the spherical case, Schwarzschild spacetime, both Dirac equations in Riema- 
niann spacetime and in Weitzenbock spacetime are equivalent. The difference between 
them will appear if the spacetime includes the axial symmetric components, Kerr space- 
time for instance. 

4. Evolutionary equation for the neutrino oscillation amplitude 

As proceeded in ref . [9] , in order to incorporate the gravitational effect into the matter 
effect, we rewrite the spin connection term as 

(33) 7 a ^r M = ^KiiAoM = |a GM 

where Vl — — » ) 75 1S the left-handed projection operator, and 

AyJ g 




(34) A G = 2i(-g)^ 2 l5 v^ 

In the above equations, (— g) 1 ^ 2 = [det(g (L ,, y )] 1 / 2 . Proceeding as in the discussion by 
Cardal and Fuller [9], we will borrow the three-momentum operator used in the neutrino 
oscillation, which can be calculated from the mass shell condition obtained by iterating 
the Dirac equation 

(35) (P„ + A G ^V L )(P" + A G V L ) = -M], 

where we have not included background matter effects. M 2 is the vacuum mass matrix 
in flavour basis 

(36) M] = u('f 
where 

with 8 the mixing angle between different eigenstates of mass neutrinos. For relativistic 
neutrinos, ignoring terms of 0(A 2 ) and O(AM), and remembering that we employ a null 
tangent vector n M , which is defined as n M = dx^/dX, and 
x" (A) = [a; (A), a; 1 (A) , x 2 (A) ,x 3 (X)], we find 



(38) P^ = - (M|/2 + A G ^) . 

It is convenient to define a column vector of flavor amplitudes. For example, for the 
mixing between v e and v T , 



(39) 



<"e|*(A)> 

K|*(A)> 
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Eq.(39) can be written as a differential equation for the null world line parameter A, 
(40) i^- = {M 2 f /2 + A fG „n») X , 

where the subscrip f denotes " flavor basis". Eq.(40) can be integrated to yield the 
neutrino flavor evolution. Similar equations were obtained in Refs.[9, 17] in Riemaniann 
spacetime and in U4 spacetime respectively. 

5. Conclusion and discussion 

In this paper, we studied the evolution equation for the neutrino oscillation ampli- 
tude in the framework of the new general relativity [19]. We find that our results will 
be equivalent to that of general relativity in the case of spherical symmetry, and the 
difference will occur when the axial tetrad vector is not zero. 
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